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Abstract 
Fractures have a strong influence on fluid flow in the subsurface, which in turn affects hydrocarbon productivity. 
Reservoir simulations often neglect geomechanical aperture variations in effective permeability prediction, and rely on 
weighting factors that ignore complex flow patterns that emerge due to the formation of three-dimensional (3D) flow channels. 
In this study, fractures are disk shaped and their sizes follow a power law distribution. Fracture sets are generated 
stochastically. A wide range of networks is investigated: fracture networks consist of randomly oriented fracture sets (random 
model), and two orthogonal fracture sets (two-set model); fractures can have fixed apertures, or alternatively, aperture 
distributions which result from uniaxial tensile deformation. The effective permeability, keff, is computed using a 3D linear 
elastic finite element model, and is measured as a function of increasing density. The numerical keff is validated using Snow 
(1979) sugar cube models of increasing density. Numerical keff of random and two set networks are compared with keff 
predicted by the analytical approach proposed by Bogdanov et al. (2007), based on density and excluded volumes. The impact 
of geomechanical fracture apertures on keff prediction is also investigated. Results show that, when assuming mean fixed 
apertures, the Bogdanov et al. analytical approach provides upper and lower bounds for keff. Numerically computed effective 
permeability is consistently higher before and lower after percolation as compared to the analytical prediction. Models with 
fixed apertures over predict keff up to six orders of magnitude as they assume that connectivity is a function of density only, 
and do not take into account the effect of the stress state. Models with geomechanical apertures yield a steady increase in keff 
and do not exhibit percolation. Results provide evidence that the effective permeability not only depends on density, but also 
on the stress-dependent connectivity provided by the aperture distribution. 
Introduction 
The majority of proven oil reserves and a large amount of the world’s gas reserves are contained in fractured carbonate 
reservoirs (BP, 2007). Fracture networks within these formations influence subsurface fluid flow, and affect hydrocarbon 
productivity. The uncertainty and cost related to obtaining real reservoir data generates favors the use of numerical models to 
model fluid behavior under reservoir conditions. Two main reasons justify the use of numerical simulations of fractured media 
as opposed to only relying on analytical models. First, the difficulty to realistically quantifying patterns that describe the 
geometry of the medium; second, the complexity of flow behavior, governed by partial differential equations (Adler et al., 
1990), ensuing from these patterns. 
 Various numerical methods have been developed to simulate flow in fractured reservoirs. The equivalent porous 
medium (EPM) model is a simple approach that treats the entire flow region as an equivalent porous medium and describes 
flow in a large scale, in which the permeability is the superposition of fracture permeability and matrix permeability 
(Berkowitz et al., 1988). However, EPM can only be applied when fractured media can be treated as a continuum.  Long and 
Remer (1982) identified conditions under which a fractured medium behaves as a continuum: 1) when an insignificant change 
in the equivalent permeability with a small addition or subtraction to the test volume exits; 2) there is an equivalent symmetric 
permeability tensor that predicts the correct flux when the direction of a constant gradient is changed. Warren and Root (1963) 
introduced the concept of dual-porosity, in which the flow is assumed to pass through interconnected fractures only. It is 
applied when fractures are well developed to form a fracture network in the simulation (Nakashima et al., 2000).  However, 
fractures are irregular in nature. The discrete fracture network (DFN) was introduced by Witherspoon et al. (1980) and 
Dershowitz et al. (1988) considers real fracture dimensions. Long and Remer (1982) developed the two-dimensional DFM. 
Soon after they extended it into a three-dimensional model made of polygonal fractures, but the model was generally 
converted to equivalent one-dimensional pipe networks (Long et al., 1985) Discrete fracture models (DFM) simulate flow 
through a discrete fracture network embedded in a continuous matrix. It models flow through matrix and fracture 
simultaneously (Matthai et al., 2005; Belaynh et al., 2006). Networks in DFM are usually stochastically generated. Methods 
that generate fracture datasets geomechanically in 2D have been used to quantify the dependence of flow on geometric 
characteristics, such as topology, density, and the pattern’s geological realism (Paluszny and Matthai, 2009).  
Effective permeability defines the ability to transmit a particular fluid when other immiscible fluids are present in the 
reservoir. It is important, because it affects flow characteristics in reservoirs. Accurately measuring effective permeability 
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helps in quantifying the rate and amount of hydrocarbon production. Snow (1969) developed mathematical equivalents 
according to parallel plate law to determine effective permeability of arbitrary parallel fracture sets. Oda (1985) determined 
effective permeability by treating fractures as a line source-sink. However, the previous do not consider matrix permeability. 
Rasmussen et al. (1987) developed a model with consideration of fluid flow through both fractures and matrix. Lough et al. 
(1998) further improved Oda’s model by applying planar source inside the matrix to represent randomly distributed fractures 
and using boundary element method to solve the governing equation under periodic boundary condition. Koudina et al. (1998) 
initiated a systematic study of the permeability of three-dimensional monodisperse fracture networks. Bogdanov et al. (2003) 
significantly extended it and presented the methodology and analytical prediction of keff based on a fully 3D discrete fracture 
model with steady state single-phase flow. In this model, the fracture datasets are generated stochastically and effective 
permeability is computed using the finite volume method. However, many studies have shown that fracture networks in nature 
are polydisperse (e.g. Yielding et al., 1992; Scholz et al., 1993; Castaing and Halawani et al., 1996). Mourzenko et al. (2004) 
extended the results obtained by Koudina et al. (1998) to polydispersed fracture networks with power-law fracture size 
distribution. Bogdanov et al. (2007) proposed an analytical approach for keff prediction of pre- and post-percolation regime for 
3D fracture networks, assuming mean aperture distribution.  They postulate that a dimensionless density, ρ’, defined as a 
function of excluded volume and fracture number density, plays an important role controlling the percolation and effective 
permeability of a fracture network. 
The previous methods assume that fractures have a fixed aperture and neglect aperture variations resulting from stress 
field interactions. However, the assumption of fixed aperture is inadequate because fractures in the reservoir exhibit strong 
variation in their aperture, which are a function of the current stress state of the reservoir. Many theoretical and experimental 
studies have shown that aperture distribution and their sizes influence fluid flow (e.g. Brown (1987), Tsang and Witherspoon 
(1981)). Bertel et al. (2001) developed an experimental technique that uses computed tomography scanning to provide high-
resolution measurements of aperture distribution. Kirkpatrick (1973) used effective medium theory (EMT) to develop an 
analytical approximation of the effective conductance of a resistor network. Adler and Berkowitz (2000) compared the keff 
approximated by Kirkpatrick’s EMT with numerical simulations for random generated 2D and 3D lattice models. They found 
that EMT was in good agreement with simulations in 2D systems if the lognormal standard deviation is less than 6, whereas in 
3D systems, significant errors occurred if the lognormal standard deviation is larger than 1. Zimmerman and Bodvarsson 
(1996) used Kirkpatrick’s EMT approximation to develop a method for keff prediction of 2D fracture networks. They divided a 
fracture network into a network of nodes and segments, using the cubic law to calculate the permeability of each element, and 
used Kirkpatrick’s EMT to find effective permeability. Leung and Zimmerman (2012) extended the idea of representing a 
random fracture network as a network of conducting segments between nodes. They proposed a semi-analytical method to 
estimate keff for a fracture network in which segments have the same aperture, and in which apertures are correlated with the 
length. Paluszny and Matthai (2009) measured effective permeabilities of geomechanically generated discrete fracture 
networks in 2D. They showed that fracture connectivity and interaction-driven geomechanical aperture distribution, controlled 
the evolution of the keff of the fractured porous media, as opposed to fracture density. Both the Leung and Zimmerman semi-
analytical method and the Paluszny and Matthai numerical model have been applied only to 2D networks of linear fractures. 
Nevertheless, fractures in nature develop within 3D rock masses.  
The primary purpose of this study is to compare numerical predictions of effective permeability of fracture networks of 
increasing density against the excluded-volume analytical approach (Bogdanov et al., 2007) in which aperture variations are 
not taken into account. The secondary purpose of this study is to quantify the impact of fracture aperture variation on flow by 
numerically measuring the keff of a 3D fractured reservoir. The idea is to use geo-informed, stochastically-generated discrete 
fracture datasets to represent crack patterns. Aperture distributions will be generated by mechanically deforming these 
datasets. The analytical estimates of keff are compared with those computed using the finite element approach, for fracture 
networks with geomechanical aperture distributions.  
Methodology 
This section presents the governing equations for mechanical simulation and methods used to compute keff of 
stochastically generated fracture sets. Fracture sets are stochastically generated for a range of densities. Apertures are defined 
either as a fixed mean value, or as the result of geomechanical deformation. The numerical computation of effective 
permeability is validated against analytical solutions of sets of parallel fractures, and later compared against analytical 
estimates based on dimensionless density and excluded volume. 
Single-Phase Steady State Flow 
The fluid flow in the poros medium is modeled as single-phase flow driven by steady state pressure. The specific 
discharge, q (m/s), is given by Darcy’s law 
𝑞 = −
𝑘
𝜇
∇𝑃,                                                                                            (1) 
where μ (Pa s) is the fluid dynamic viscosity, P (Pa) is the fluid pressure, and k is the matrix permeability in a porous medium. 
In the present work, Eq. 1 is discretized using FEM, and the matrix geometry is discretized using a combination of 
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isoparametric linear tetrahedra, triangles, and bars. Flow properties are defined at each element. A matrix permeability, km, is 
defined at each tetrahedral matrix element. An equivalent porous medium fracture permeability, derived using a piecewise 
parallel plate law, kf, is defined at each triangle fracture element.  
Deformation  
The linear elastic deformation of homogeneous and isotropic media relates stress build-up to deformation as 
(Timoshenko 1934) 
𝜎 = 𝑫(𝜀 − 𝜀𝑜) + 𝜎𝑜,                                                                               (2) 
 
where σ and ε are the stress and strain vectors, respectively, D is the linear elastic material stiffness matrix , and the subscript 
‘0’ denotes the initial state. The strain-displacement equation describes the relationship between deformation and displacement 
 
                                                                        𝜀 = 𝝏𝒖.                                                                                                   (3) 
        
where u is the displacement vector and ∂ is the kinematic operator.  At force equilibrium, body forces, F, are assumed to be in 
equilibrium with stresses 
                                                                            𝝏𝑇𝝈 + 𝑭 = 0.                                                                                           (4) 
 
The deformation of the fractured matrix is modeled by solving the previous equations using the finite element method. 
Fracture elements are extruded along their normal axes to become volumetric, isoparametric linear prisms, and are defined a 
very low elasticity modulus. The height of the extrusion is 110-5 m. The model is volumetric and contains an arbitrary number 
and arrangement of stochastically generated disc fractures. A set of displacement boundary conditions, do, defined at the top 
and bottom of the dataset, precondition the deformation.  Local apertures are defined by the dilation of the volumetric elements 
defining the fracture. 
Geomechanical Aperture 
At each fracture, an equivalent triangle-based skeleton can be defined, in which each node corresponds to a single or pair 
of nodes in the volumetric counterpart. The skeleton is taken to be the discretized surface representation used for the flow 
simulations. On the skeleton, fracture nodes on the fracture tip, fb, correspond to a single volumetric node, while internal 
nodes, fn, each correspond to two volumetric nodes (see Figure 1). The geomechanical aperture, hg, is computed as a function 
of the relative displacement of the equivalent volumetric nodes, and are mapped on a node-by-node basis onto the equivalent 
surface representation. Mapping is based on minimal distances. Apertures are subsequently interpolated at each fracture 
element. The model is subjected to tensile boundary conditions, creating a distribution of apertures with mean ℎ𝑔̅̅ ̅̅ . Apertures 
are stored at each fracture node, fn, so that 
ℎ𝑔̅̅ ̅̅ =
1
𝑁𝑛𝑜𝑑𝑒
∑ℎ𝑔(𝑓𝑛)                                                                                 (5) 
 
where Nnode is the amount of internal fracture nodes, hg(fn) is the function which defines the local fracture aperture at that node. 
At the fracture tip, hg(fb) = 0, and at the fracture inside, hg (fn ) > 0. It follows that 
 
ℎ𝑔
𝑑(𝑓𝑛) = |(𝑓𝑛 + 𝒖𝟏)(𝑓𝑛 + 𝒖−𝟏)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |,                                                                    (6) 
 
where u1 and u-1 are the local displacement vectors defined at the two volumetric neighbours, and ℎ𝑔
𝑑
 is the aperture defined 
by the deformation. It follows that ℎ𝑔
𝑑
 is a function of do. Figure 1 illustrates the computation of geomechanical apertures on a 
disc-shaped fracture.   
For comparison, apertures are considered to be either fixed at a mean value or geomechanically generated. In order to 
establish an equivalence between the two, we define   
ℎ𝑓 = 𝛽 ∙ ℎ𝑔
𝑑̅̅ ̅̅
,                                                                                        (7) 
where ℎ𝑓 is the fixed aperture, and β is a scaling function. Instead of choosing do such that β=1, we deform the matrix using 
an arbitrary do, and scale the obtained aperture distribution, ℎ𝑔(𝑓𝑛) = 𝛽ℎ𝑔
𝑑(𝑓𝑛), so that ℎ𝑔̅̅ ̅̅ = ℎ𝑓 . Local apertures are stored at 
each fn, and are used at a posterior flow step to define a piece-wise fracture permeability. These are subsequently interpolated 
and defined at each triangular element of the fracture surface. 
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Figure 1:  Mapping geomechanical apertures. The fracture is tessellated by a set of triangles. Solid and hollow dots denote the 
fracture nodes inside (fn, fn+1) and at, fb, the fracture boundary, respectively. u1 and u-1 are the local displacement vectors defined by 
the geomechanical deformation. hg  is the geomechanically generated local aperture, where hg (fn )> 0 and hg(fb)=0. 
Fracture Permeability 
At any given position, the fracture permeability, kf, is computed from local aperture according to the parallel plate law, in 
which the flow is assumed to be laminar and fracture has smooth parallel walls with a local separation of h (Kranz et al., 1979; 
Witherspoon et al., 1980)  
 𝑘𝑓 =
ℎ
2
12
,                                                                                                (8) 
where h is defined as the local fracture aperture. For a fracture discretized by a set of nodes on its triangulated surface, 
permeability is defined in a piece-wise manner 
𝑘𝑓 = 〈𝑘𝑓𝑜| … |𝑘𝑓𝑖| … |𝑘𝑓𝑁〉,                                                                     (9) 
where 𝑘𝑓𝑖 is the permeability at fracture node fi. For geomechanical apertures, hg, it follows  
𝑘𝑓𝑖 =
[ℎ𝑔(𝑓𝑖)]
3
12
 ,                                                                                     (10) 
𝑘𝑓𝑖 = 0           where  fi ∈ fracture tip.                                                 (11) 
 
Permeability is additive in the numerical model, thus, at each fracture element where aperture is defined as zero, the total 
permeability equals matrix permeability. For fixed apertures, hf, it follows 
  
𝑘𝑓𝑖 =
ℎ𝑓
3
12
.                                                                                            (12) 
Effective Permeability of the Fractured Porous Medium 
In the present work, three methods are employed to estimate the effective permeability, keff, of a fractured porous 
medium: 
 Analytical estimation proposed by Snow (1969), 𝑘𝑒𝑓𝑓
𝑠 ; 
 Numerical computation of a DFM using the finite element method, 𝑘𝑒𝑓𝑓
𝑛 ; 
 Analytical estimation proposed by Bogdanov et al. (2007), 𝑘𝑒𝑓𝑓
𝑎 . 
These are expressed in terms of the dimensionless effective permeability, 𝑘𝑒𝑓𝑓
′ , which is defined as (Philip et al., 2005).  
𝑘𝑒𝑓𝑓
′ =
𝑘𝑒𝑓𝑓
𝑘𝑚
 .                                                                                       (13) 
 
  (  ) 
   
 −  
  (  ) =   
 
 
 
 
 
 
 
 
 
 
 
  
 
 
fracture tip 
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Snow’s method  
Snow (1969) presented the mathematical formulae to calculate effective permeability of networks consist of parallel 
opening ‘conduit’ sets, and orientation dispersed sets, with constant apertures. Snow’s model was implemented as an 
instrument of validation of the numerical framework to compute 𝑘𝑒𝑓𝑓
𝑛 . Three types of idealized models were developed, 
namely parallel, column and sugar cube (see Figure 2). The effective permeability of the parallel model, which consists of a 
single set of parallel open fractures, is defined as (Snow, 1969)  
 
𝑘𝑒𝑓𝑓
𝑠,𝑠𝑒𝑡 =
2
3∆
∑𝑏3
𝑁
=
1
12∆
∑ℎ
3
𝑁
,                                                                      (14) 
 
where 𝑘𝑒𝑓𝑓
𝑠,𝑠𝑒𝑡
 is the effective permeability of a given fracture set, with N fractures, with average spacing, ∆, embedded in a cube 
of dimension W. The half aperture of the fractures is defined as 𝑏 =
ℎ
2
. For the parallel model, 𝑘𝑒𝑓𝑓
𝑠,𝑥𝑥 = 𝑘𝑒𝑓𝑓
𝑠,𝑦𝑦 = 𝑘𝑒𝑓𝑓
𝑠,𝑠𝑒𝑡
, and 
𝑘𝑒𝑓𝑓
𝑠,𝑧𝑧 = 0. For parallel identical joints with orientation ni, the separation between them can be represented by a vector Di. 
Indices i and j refer to the coordinate axes x, y and z. The permeability tensor for a joint set is 
  
𝑘𝑖𝑗 =
1
12
∑
ℎ
3
|𝑛𝑖𝐷𝑖|
(𝛿𝑖𝑗 − 𝑚𝑖𝑗),                                                                 (15)  
 
where 𝑘𝑒𝑓𝑓
𝑠,𝑥𝑥 = 𝑘00, 𝑘𝑒𝑓𝑓
𝑠,𝑦𝑦 = 𝑘11, and  𝑘𝑒𝑓𝑓
𝑠,𝑧𝑧 = 𝑘22. 𝛿𝑖𝑗 is the Kronecker delta, ni is the direction cosine of the normal to the 
fracture, and mij=ninj. The summation is taken over all joint sets intersected by a sampling line Di. In the column and sugar 
cube model, the separation Di is defined as the inverse of the spacing 
 
𝐷𝑖 =
1
∆
=
𝑊
𝑁
.                                                                                           (16) 
 
The coefficient 
1
|𝑛𝑖𝐷𝑖|
 in Eq. 16 weights the samples with different sizes of each fracture set, 𝑘𝑒𝑓𝑓
𝑠,𝑠𝑒𝑡
. Thus, for a system with 
multiple superimposed fracture sets, the tensor permeability contributions of all fracture sets are added. Subsequently, the 
permeability of the medium is defined as 
𝑘𝑒𝑓𝑓
𝑠 = ∑𝑘𝑒𝑓𝑓
𝑠,𝑠𝑒𝑡
,                                                                                    (17) 
 
where 𝑘𝑒𝑓𝑓
𝑠  is the overall effective permeability. 
  
 
Figure 2: A solid volume of dimensions W cut by: (a) a set of equally spaced parallel fractures, (b) two orthogonal sets of fractures, 
and (c) three orthogonal sets. 
Numerical computation of effective permeability 
For a given macroscopic fluid flow gradient, 𝑘𝑒𝑓𝑓
𝑛  can be approximated as 
 
𝑘𝑒𝑓𝑓
𝑛 =
𝑞𝜇𝐿
𝐴(𝑝(𝑢)−𝑝(𝑑))
 ,                                                                            (18) 
 
where L(m) is the length of model in the flow direction, A (m
2
) is a cross section area perpendicular to the flow, and p(u) and 
p(d) (Pa) are the upstream and downstream pressures applied to the model, respectively. Boundary fluxes are integrated to 
(a) Parallel model                        (b) Column model                               (c) Sugar cube 
mod l  
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compute the total model throughput q, where 𝑞 =
𝑞𝑖𝑛+𝑞𝑜𝑢𝑡
2
. The total influxes qin and qout are assumed equal for non-divergent 
steady state flow simulations. The accuracy of the 𝑘𝑒𝑓𝑓
𝑛  computation relies on the correct integration of q. In the present model, 
q is integrated on the surfaces of intra-element finite-volume facets of all model elements. These are defined implicitly in the 
parametric space of each element, within a hybrid FE-FV framework (Paluszny et al., 2007), and enjoy high quality integration 
properties. Figure 3 illustrates the flow boundaries of the 3D model, in which flow is modeled through fracture and matrix 
simultaneously. 
 
Figure 3: Effective permeability boundary conditions in 3D. A pressure gradient p(u) and p(d) is applied uniformly to the entire 
upstream and downstream surfaces, respectively. For steady state flow simulations, the total influxes qin and qout are assumed to be 
equal. 
Bogdanov’s analytical calculation of effective permeability  
Bogdanov et al. (2007) proposed a unified model for sparse and dense networks. They showed that the unified analytical 
models were consistent with numerical data, except for very elongated fracture shapes and for extreme dependences of the 
fracture permeability on their size. In their analytical approach, only two reduced parameters are considered, namely the 
dimensionless fracture density, ρ’, and the volumetric area of fractures weighted by the individual fracture permeability, S. 
It is necessary to introduce the definition of excluded volume, Vex, to determine ρ’. Adler and Thovert (1999) showed 
that for two-dimensional, convex objects with areas Ai and perimeters Pi (i=1, 2), the mean excluded volume is defined as 
𝑉𝑒𝑥,12 =
1
4
(𝐴1𝑃2 + 𝐴2𝑃1).                                                                        (19) 
 
For a set of identical polygons, Eq. 19 is reduced to Vex = AP/2. For monodisperse fracture networks, the dimensionless 
fracture density ρ’ is defined as 
𝜌′ = 𝜌〈𝑉𝑒𝑥〉,                                                                                             (20) 
where the angle brackets define the average of the value over all fractures. For polydisperse fracture networks, Eq. 19 can be 
rewritten as 
𝑉𝑒𝑥 = 𝑣𝑒𝑥
𝑅1𝑅2
2+𝑅1
2𝑅2
2
,                                                                                 (21) 
 
where vex is a dimensionless shape factor. The dimensionless fracture density of polydisperse fracture networks, 𝜌3
′ , is 
subsequently defined as 
𝜌3
′ = 𝜌〈𝑣𝑒𝑥〉〈𝑅
3〉,                                                                                     (22) 
 
where R (m) is the radius of the fracture, in the range [Rm, RM]. The subscript ‘3’ denotes the statistical moment of R involved 
in this definition. For monodisperse fractures, ρ3’ reduces to ρ’. 
The volumetric area of fractures, S is defined as 
 
𝑆 = 𝜌𝑅𝑀〈𝐴〉,                                                                                         (23) 
 
where <A> (m)  is the mean surface area. 
The special properties of a system of conductors, which emerge at the onset of macroscopic connectivity within it, are 
known as percolation phenomena (Berkowitz, 1995). In a spatial periodic medium, a connected component is defined as a 
percolating component if it connects two opposite faces of the parallelepiped unit cell, and contains at least two homologous 
fractures (Huseby et al., 1997). For example, there are two connected components in the fracture network shown in Figure 4. 
According to percolation theory, component 1 is a percolating component because it connects the left and right faces of the 
A 
q
in
 
 q
out
 
L 
p(u) p(d) 
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box. Whereas, even though fractures in component 2 interconnect each other, component 2 is a non-percolating component 
because it does not connect any opposite faces. The probability of locating larger clusters increases with increasing P, where P 
is the probability of a site being occupied. If there is a value of P that is large enough for at least one cluster to be percolating, 
this P value is called percolation threshold and denoted as Pc. The regime in range P ϵ [0, Pc] is the regime below the 
percolation threshold, called pre-percolation regime. The regime in P ϵ [Pc, 1] is the regime above the percolation threshold, 
called post-percolation regime. 
 
Figure 4: A 2D view of a 3D fracture network. There are two interconnected components: component 1 percolates through the cell 
while component 2 does not. 
Bogdanov et al. (2007) defines pre- and post-percolation effective permeability, 𝑘𝑒𝑓𝑓
𝑎,𝑝𝑟𝑒
and  𝑘𝑒𝑓𝑓
𝑎,𝑝𝑜𝑠𝑡
, differently. The pre-
percolation regime is assumed to be defined for 𝜌3
′ ≤ 2, while the post-percolation regime is expected for 𝜌3
′ ≥ 4. The 
approach describes the remaining range as the transition zone. Effective permeability in the pre-percolation regime, is defined 
as 
𝑘𝑒𝑓𝑓
𝑎,𝑝𝑟𝑒 = 1 + 𝜅𝜌3
′ + 𝜅2𝜌3
′ 2         (𝜌3
′ ≤ 2),                                                  (24) 
 
where 𝜌3
′  is defined in Eq. 22, and the coefficient 𝜅 is defined as 
 
𝜅 =
𝑘𝑓
′
𝑘𝑓
′+
3
2
𝜅∞       𝜅∞ ≈ 0.360 for disks                                                        (25) 
 
and the dimensionless fracture permeability is defined as 𝑘𝑓
′ = 𝑘𝑓(𝑅𝑀𝑘𝑚)
−1. For dense networks, when percolation is nearly 
certain, 𝑘𝑒𝑓𝑓
𝑎,𝑝𝑜𝑠𝑡
 is calculated as 
 
𝑘𝑒𝑓𝑓
𝑎,𝑝𝑜𝑠𝑡 = 1 + 𝑘𝑓
′𝑆𝑘2
′′(𝜌3
′ , 𝑘𝑓
′ )          (𝜌3
′ ≥ 4),                                              (26) 
 
where  
 
𝑘2
′ (𝜌3
′ ) =
2
3
(1 −
10
𝜌3
′+6.6
)   ,                                                                          (27) 
and 
𝑘2
′′(𝜌3
′ , 𝑘𝑓
′) ≈
2
3
−
2
3⁄ −𝑘2
′ (𝜌3
′ )
1+7 3⁄ 𝑘𝑓
′ −0.7
.                                                                      (28) 
Validation  
Validation is the process that determines whether a numerical model can correctly represent a conceptual model that 
captures some behavior of nature or not, and quantifies the error that bounds the estimation. Effective permeability numerical 
computations are validated against Snow’s sugar models, for which the analytical model provides the exact solution. The 
relative and percentage errors between the two are measured in terms of a relative error, 𝜀, and percentage error, 𝜀𝑝, defined as 
 
𝜀 =
𝑘𝑒𝑓𝑓
𝑠 −𝑘𝑒𝑓𝑓
𝑛 (𝑠)
𝑘𝑒𝑓𝑓
𝑠   and   𝜀𝑝 = 𝜀 × 100                                                     (29) 
 
L 
L 
Component 2  
Component 1  
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where 𝑘𝑒𝑓𝑓
𝑛 (𝑠) is the effective permeably of a sugar cube model measured using the numerical approach. The error, 𝜀, has a 
discretization component, which relates to the suitability of the mesh to discretize the underlying geometry. 
Mesh refinement influences the accuracy, convergence and speed of the solution. In the present work, refinement is 
expressed in terms of a maximum volumetric element size, i.e. length of the edge of tetrahedron: 
 
𝑟 = 𝑙𝑚,𝑀 and 𝑙𝑚,𝑀 = 4𝑙𝑓,𝑀,                                                                      (30)   
 
where r is the refinement, 𝑙𝑚,𝑀 and 𝑙𝑓,𝑀 are the maximum sizes of matrix and fracture elements, respectively. The value of r is 
also a function of the model size, W, and the smallest fracture. Discretization error is measured as a function of volumetric 
surface density, defined as  
𝜌𝑆 =
𝐴𝑓
𝑉
,                                                                                                  (31) 
 
where 𝐴𝑓 is the total fracture surface area, and 𝑉 = 𝑊
3 is the volume of the model.  
A range of sugar cube models of increasing fracture density were generated. Effective permeability was measured for r = 
0.1W and r = 0.2W.  Figure 5 shows the percentage error of keff measurements as a function of volumetric surface density. As 
expected, less refined models yield errors up to five orders of magnitude larger than their more refined counterparts. Errors 
increase with density. The largest percentage error for r = 0.1W is measured at 0.79%, for 𝜌𝑆 ≈ 7. Based on these experiments, 
we choose r = 0.1W as a fixed refinement for all posterior experiments, for which 𝜌𝑆 < 7. 
 
 
Figure 5: Percentage error of keff measurements for equivalent Snow’s sugar cube model as a function of surface density for 
refinement: r = 0.1W, shown by diamond glyphs, and r = 0.2W, shown by dot glyphs. 
Simulation Setup 
Effective permeability of a range of fractured datasets of increasing fracture density is computed. Average limestone 
material properties are defined as Young’s Modulus of 20 GPa and Poisson’s ratio of 0.25. The matrix is defined as a 10 ×
10 × 10m box. According to field observations, most fracture size distributions follow a power-law distribution (Adler and 
Thovert 1999): 
 
𝑛(𝑅) = 𝛼𝑅−𝑐,                                                                                (32) 
 
where n(R)dR is the number of fractures with radius in the range [Rm, RM = Rm+dR], and α is a normalization coefficient.  In 
practice, the scaling exponent 𝑐 is in the range of 1.8-4.5 (Bonnet et al., 2001). For simplicity, the mean value 𝑐 = 3.15 was 
chosen as a scaling exponent. Figure 6 shows a typical power-law distribution for fracture radii. Table 1 summarizes the 
fracture sizes and fracture transport properties.  
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Figure 6: Fracture radii follow a power law distribution with c=3.15. 
Table 1: Material Properties 
Fracture Shape Disc 
Fracture Size Power-Law Distribution: c=3.15, RM=1m, Rm=0.25m 
Model Size 10 x 10 x 10 m, W = 10m 
Average Aperture Size 4 x 10
-4 
W 
Matrix Permeability km=1x10
-15 
m
2
 
Porosity φf=1 (fracture porosity); φm=0.25 (matrix porosity) 
Viscosity 8.69 x10
-4
 Pa s 
 
A uniaxial tension mechanical boundary condition was applied to the model (e.g. applying tension at the top and bottom 
of the model). A uniform displacement of do=110
-3
 m is applied at the respective boundaries.  
Simulations 
The numerical simulation is executed in two steps: 
Step 1: Generate fracture datasets stochastically 
Fracture datasets are generated stochastically. Two scenarios of fracture orientations are considered. First, a random 
model in which fractures are arbitrarily located and oriented (see Figure 7a). Second, a two-set model in which two 
sets of fractures are generated, one parallel to the XY plane and of fracture sizes, R1 ϵ [Rmin, Rmean]; and another 
parallel to the YZ plane, with R2 ϵ [Rmean, Rmax] (see Figure 6 and Figure 7b). 
Step 2: Compute effective permeability of the fractured porous medium 
After generating fracture datasets, keff is computed as a function of increasing fracture density numerically, 𝑘𝑒𝑓𝑓
𝑛 , and 
according to the Bogdanov et al.’s proposed analytical solution, 𝑘𝑒𝑓𝑓
𝑎 . Two cases are modelled for each generated 
geometry: fixed apertures and geomechanical apertures. Apertures are defined as ℎ𝑔̅̅ ̅ = ℎ𝑓 = 4 × 10
−4𝑊. 
  
(a) (b) 
Figure 7: Two dimensional view of cut plane parallel to xy axes of (a) random model; (b) two-set model. In this case, a = 3.15, α = 4 
and total fracture number is 1570. Fracture surfaces are trimmed, so that surface regions which extend beyond the boundary of the 
matrix are removed. 
0
0.05
0.1
0.15
0.2
0.25
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1
N
o
rm
al
iz
e
d
 N
u
m
b
e
r 
o
f 
Fr
ac
tu
re
s 
Fracture Radius, R, [m] 
Rmin Rmean Rmax 
R1 R2 
10                                                                          Impact of fracture aperture distributions on effective permeability of fractured reservoirs] 
Results and Discussions  
This section presents the results obtained for keff determination, including simulations for fractures with fixed aperture as 
well as for fractures with geomechanically-generated apertures. Dimensionless effective permeability, keff’, is measured as a 
function of dimensionless fracture density, ρ3
’
.  
Fluid Pressure Distributions 
𝝆𝟑
′ = 𝟎. 𝟐𝟓𝟔 𝝆𝟑
′ = 𝟏. 𝟐𝟕 𝝆𝟑
′ = 𝟒. 𝟒𝟒 𝝆𝟑
′ = 𝟕. 𝟐𝟗  
     
(a) (b) (c) (d)  
 
  
  
 
(e) (f) (g) (h)  
Figure 8: Fluid pressure contours for fracture networks with fixed apertures. (a, b, c, d) for two-set models and (e, f, g, h) for random 
models. (a, e) have 209 fractures in total with scaling factor α=0.5; (b, f) have 1183 fractures in total with scaling factor α=3; (c, g) have 
4291 fractures in total with scaling factor α=11; (d, h) have 6664 fractures in total with scaling factor α=18. 
𝝆𝟑
′ = 𝟎. 𝟐𝟓𝟔 𝝆𝟑
′ = 𝟏. 𝟐𝟕 𝝆𝟑
′ = 𝟒. 𝟒𝟒 𝝆𝟑
′ = 𝟕. 𝟐𝟗  
    
 
(a) (b) (c) (d)  
 
   
 
(e) (f) (g) (h)  
Figure 9: Fluid pressure contours for fracture networks with geomechanical apertures. (a, b, c, d) for two-set models and (e, f, g, h) for 
random models. (a, e) have 209 fractures in total with scaling factor α=0.5; (b, f) have 1183 fractures in total with scaling factor α=3; 
(c, g) have 4291 fractures in total with scaling factor α=11; (d, h) have 6664 fractures in total with scaling factor α=18. 
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This section presents the fluid pressure distributions on the model. Figure 8 and Figure 9 shows the pressure contours for 
fractures which have fixed and geomechanical apertures respectively. Figure 8a-d and Figure 9a-d show pressure contours for 
the two-set model. Figure 8e-h and Figure 9e-h are pressure contours for random models. As expected, pressure reduces when 
fluid pass through the model. The pressure distribution is deformed more heavily from low densities to high densities for 
models with fixed apertures. From Figure 8, pressure is uniformly distributed at 𝜌3
′ = 0.256 , while the fractures dominate the 
pressure field when density increases. When 𝜌3
′ ≥ 4.44, most fractures are interconnected and fracture clusters dominate the 
flow. However, for models with geomechanically generated apertures, each fracture has more local effect rather than fracture 
clusters that affect the whole model. 
Aperture Distributions  
Figure 10 presents examples of two geometric cases with fixed and geomechanical apertures. In Figure 10a-b, all 
fractures have the same aperture, as expected. In Figure 10c-d, apertures are not uniform but follow a distribution that ensues 
from uniaxial tensional deformation. 
 
 
 
 
 
 
 
 
Fixed Aperture 
  
 (a) (b) 
 
 
 
 
 
Geomechanical 
Aperture 
  
 (c) (d) 
   
Figure 10: Aperture distributions on the fractured reservoirs. (a,c) are random models and (b,d) are two-set models. (a,b) are 
fractures have fixed apertures of 4x10
-4
 W. (c,d) are fractures with aperture distributions generated geomechanically that have a mean 
aperture s of 4x10
-4
 W. All models are generated with scaling fracture α=0.5 and 207 fractures in total. 
Fracture Networks with Fixed Aperture 
Figure 11 shows the predicted effective permeability as a function of increasing density. The effective permeability is 
presented in a dimensionless form, keff’, and is plotted in a logarithmic scale. The keff values measured numerically for random 
model, 𝑘𝑒𝑓𝑓
𝑛,𝑟𝑎𝑛𝑑𝑜𝑚
, and for two-set model, 𝑘𝑒𝑓𝑓
𝑛,𝑡𝑤𝑜𝑠𝑒𝑡
, are compared with those calculated using the analytical approach proposed 
by Bodganov et al. (2007), 𝑘𝑒𝑓𝑓
𝑎 .  
For fixed apertures, numerical results follow the trend of 𝑘𝑒𝑓𝑓
𝑎 . There is a linear proportionality between keff’ and density 
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before the percolation threshold. The keff’ exhibits a jump of several orders of magnitude at percolation for all scenarios. 
Before percolation, numerical results are close but slightly larger than analytical results. The difference between analytical and 
numerical results increases with density. After percolation, numerical results are now fall below the analytical results and 
numerical results approach analytical results at higher densities. The Bogdnov et al. analytical approach provides, in this case, 
a lower and upper bound for pre- and post-percolation keff’, respectively. For the random model  𝑘𝑒𝑓𝑓
𝑛,𝑟𝑎𝑛𝑑𝑜𝑚
 is in good 
agreement with  𝑘𝑒𝑓𝑓
𝑎  in the pre-percolation regime, while  𝑘𝑒𝑓𝑓
𝑛,𝑡𝑤𝑜𝑠𝑒𝑡
  model is in better agreement with  𝑘𝑒𝑓𝑓
𝑎  at higher densities 
(when  𝜌3
′ ≥ 6), in post-percolation regime. 
Comparing the numerical results 𝑘𝑒𝑓𝑓
𝑛,𝑡𝑤𝑜𝑠𝑒𝑡
and 𝑘𝑒𝑓𝑓
𝑛,𝑟𝑎𝑛𝑑𝑜𝑚
, for fixed apertures, two-set models always yield a higher 
effective permeability than the random models of the same density. For two-set models, 𝑘𝑒𝑓𝑓
𝑛,𝑡𝑤𝑜𝑠𝑒𝑡
 is increased by three orders 
of magnitude at local percolation 𝜌3
′ ≈ 3. For random models, the measured 𝑘𝑒𝑓𝑓
𝑛,𝑟𝑎𝑛𝑑𝑜𝑚
 also exhibits a jump of three orders of 
magnitude, but percolating at a higher density,  𝜌3
′ ≈ 4.  
Cut-plane views of the fracture networks (see Figure 7) illustrate the structured character of two-set models, which 
facilitates flow and percolation as a function of increasing density. This is consistent with the measurement which consistently 
indicate 𝑘𝑒𝑓𝑓
𝑛,𝑡𝑤𝑜𝑠𝑒𝑡(𝜌3
′ ) > 𝑘𝑒𝑓𝑓
𝑛,𝑟𝑎𝑛𝑑𝑜𝑚(𝜌3
′ ).  
 
Figure 11: The dimensionless effective permeability K’eff. The K’eff is plotted in decadic logarithmic scale. Diamonds depict values of 
random oriented fracture networks. Stars depict values of fracture networks with two orthogonal fracture sets. The heavy solid line is 
the results obtained using Eq. 25 and the dashed is the results obtained from Eq. 27. In all cases apertures are assumed to be fixed 
with value of 4x10
-4
 W. 
Fracture Networks with Geomechanically Generated Apertures 
The measured keff for fracture networks with fixed apertures are compared to those with geomechanically generated 
apertures. The results are shown in Figure 12 for two-set model and Figure 13 for random model. In contrast to the keff of 
models with fixed apertures, there is no apparent jump in the effective permeability. Instead, it monotonously increases as a 
function of density. This is observed for both two-set and random models. As compared to geomechanical datasets, fracture 
networks which assume fixed apertures over predict keff up to six orders of magnitude. In these measurements, a specific 
density-dependent percolation threshold cannot be determined. Instead, percolation threshold is connected to the connectivity 
and aperture distribution of the fracture set. Figure 14 compares the keff of two geometric models. Similar to observations in 
Figure 11 for fixed apertures, the keff for geomechanical apertures of two-set models consistently yield larger values than their 
random counterparts. These results indicate that the mean aperture and density of the fracture network do not sufficiently 
describe fracture networks to predict their effective permeability. 
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Figure 12: A plot of the measured effective permeability as a function of density for two-set model. Dots indicate that fractures have 
fixed apertures. Triangles indicate that fractures have geomechanically generated apertures. 
 
Figure 13: A plot of the measured effective permeability as a function of density for random model. Dots indicate that fractures have 
fixed apertures. Triangles indicate that fractures have geomechanically generated apertures. 
 
Figure 14: Effective permeability of fracture networks have geomechanically generated apertures. Solid triangles indicate random 
model. Hollow triangles indicate two-set model.  
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Conclusions  
This study quantifies the effective permeability of fracture patterns with fixed and geomechanically generated apertures. 
Different methods of computing effective permeability of fractured porous media have been studied. The effective 
permeabilities predicted by the Bogdanov et al. (2007) analytical approach have been compared to an “equivalent” FEM model 
that assumes that fractures have mean fixed apertures. The study is novel in that it compares these against equivalent 3D 
models with geo-mechanically computed fracture apertures, of equivalent mean aperture. All simulations are carried out on 
two geometric cases: random and two-set models. This study provides the following concluding remarks:  
 For fractures which have fixed apertures,  keff
a
 and  keff
n
 are in good agreement. The analytical method proposed by 
Bogdanov et al. (2007) provides a lower and upper boundary for pre- and post-percolation effective permeability, 
respectively. 
 Models with fixed apertures over predict keff up to six orders of magnitude because they assume that connectivity is a 
function of density, while in geomechanical datasets connectivity is a combined function of density and stress-
dependent connectivity created by aperture distribution. 
 For both fixed and geomechanical apertures, two-set networks, which are aligned with fluid pressure gradient, 
measured effective permeability is consistently larger than that of a medium of equivalent density with randomly 
distributed fractures. This indicates that for the randomly distributed fractures the eigenvectors of the keff tensor are 
not aligned with the boundary axes. 
Nomenclature 
2D = two dimensions 
3D = three dimensions 
A = surface area 
a = scaling factor in power law 
b = half aperture 
FEM  = finite element method 
fb = fracture nodes at the fracture boundary 
fn = fracture nodes within the fracture boundary 
h = local fracture aperture 
hg = geomechanical fracture aperture 
K = permeability tensor 
keff = effective permeability 
keff’ = dimensionless effective permeability 
kf = fracture permeability 
km = matrix permeability 
l = length of the fracture 
l0 = specimen’s height 
N = total fracture number 
Nnode = amount of fracture nodes 
P = fracture perimeter 
P(u), P(d) = fluid  pressure  gradients 
qin = total flux in 
qout = total flux out 
R = fracture radius   
RM = maximum fracture radius   
Rm = minimum fracture radius   
S = volumetric area of fractures weighted by the individual fracture permeabilities   
s = spacing   
u = displacement vector 
Vex = excluded volume  
vex = dimensionless shape factor  
W = dimension of a cube model 
α = normalization coefficient in power law 
ԑ, ԑp = relative error; percentage error 
ρ’ = dimensionless fracture density for mono-disperse fracture network 
ρ3’ = dimensionless fracture density for poly-disperse fracture network 
μ = viscosity 
φf;  φm = fracture porosity; matrix porosity 
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Appendices 
Appendix A Fracture Characterisation  
This section describes the definition and concepts of main parameters. 
Fracture density  
The volumetric density of a 2-D fracture set is defined as 
𝜌 =
1
𝐴
∑ (
𝑙𝑖
2
)
2
𝑛
𝑖=1 ,                                                                               (A-1) 
where n is the total number of fractures in the set, A is the flaw area, and li is the length of fracture i 
(Underwood, 1970; Renshaw and Pollard, 1994; Paluszny and Matthäi, 2009).  
Fracture Aperture  
The fracture aperture is defined the closest distance between two fracture walls at any point along its 
centreline. In nature, there is no fracture with fixed aperture and fracture aperture may increase by, for 
instance, external forces (Dietrich, 2005). Fracture aperture is a state-dependent parameter and also an 
emergent property of the discrete fracture model (Paluszny and Matthäi, 2009).  
Spacing 
Spacing (m) is defined by area method as: 
𝑠 = 𝐴/(𝑙0 + ∑ 𝑙𝑖
𝑛
𝑖=1 ),                                                                        (A-2) 
where l0 is the specimen’s height.  No matter how bad/good the fracture sets are developed, we can 
always achieve a good estimation of the saturation of these fracture sets (Wu and Pollard, 1995).  
Fracture Length 
Fracture length is defined as the length of the centerline defining a single fracture. Further refine the 
mesh can improve the accuracy of the solution but requires more computing time.  
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Appendix B Deformation Boundary Conditions  
A uniaxial tension mechanical boundary condition was applied to the model (e.g. applying tension 
at the top and bottom of the model as shown in figure below.  A uniform displacement of do=1x10
-3
 m is 
applied at the respective boundaries.  
 
 
Mechanical boundary conditions 
  
W
w 
W
w 
W
w 
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Appendix C Fracture Network Geometries  
Geometry of a random model 
 
 
Random model. (a) Three dimensional view of the model with randomly oriented fractures, (b) two dimensional view of cut plane 
parallel to xy axes. In this case, a=3.15, α=4 and total fracture number is 1570. Fracture surfaces are trimmed, so that surface regions 
which extend beyond the boundary of the matrix are removed. 
Geometry of a two-set model 
 
 
Two sets.  (a) Three dimensional view of the model with two sets of fractures: one set parallels to XY plane and fracture sizes in the 
range Rϵ[Rmin, Rmean] of a power-law distribution; another set parallels to YZ plane and fracture sizes in the range Rϵ[Rmean, Rmax] of a 
power-law distribution, (b) two dimensional view of cut plane parallel to xy axes. In this case, a=3.15, α=4 and total fracture number is 
1570. 
 
        
(a)                                                                                  (b) 
    
(a)                                                                                  (b) 
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Appendix D Relative Error of Effective Permeability as a Function of Density 
The figure below shows the relative error of numerically measured effective permeability as a function of 
density. 
 
Relative error as a function of increasing density. Diamonds represent results for two-set models and stars denote the results for 
random model.  
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Appendix E Critical Milestones 
Milestones in simulation of fracture aperture distribution 
Publication Year Title Authors Contribution 
Water Resources 
Research 
1969 
Anisotropic permeability of 
fractured media 
Snow, D. T. - Provided mathematical 
approach for networks with 
parallel plate openings. 
- This methods will be used for 
our FEM model validation 
Journal of 
Geophysical 
research 
1994 
Numerical simulation of 
fracture set formation: A 
fracture mechanics model 
consistent with experimental 
observations 
 
Renshaw, C. E. 
and Pollard, D. D. 
Presented physically based 
model for the evolution of 
single set of planar fractures, 
subject to a constant remote 
stress. 
Journal of 
Physics A: 
Mathematical and 
General 
1996 
Geometry and topology of 
fracture systems 
Huseby, O., 
Thovert T-M. and 
Adler, P.M. 
Successful use of Vex
 
to 
account for most of the 
influence of the fracture 
geometry. 
International 
Journal of Rock 
Mechanics and 
Mining Sciences 
& Geomechanics 
Abstracts 
1996 
 
Effective transmissivity of 
two-dimensional fracture 
networks 
Zimmerman, R. 
W. 
 And Bodvarsson, 
G. S. 
Used the EMT to estimated 
Keff. The fracture network was 
divided into a network of 
nodes and segments. 
Physical Review 
E 
1998 
Permeability of three-
dimensional fracture networks 
Koudina, N., 
Gozalez, R., 
Thovert,  J-F and 
Adler, P.M. 
- Developed a full solution of 
the steady flow problem in a 
3D networks with 2D 
polygonal fracture. 
-Proposed analytical method to 
predict Keff for fracture 
network with fixed apertures. 
Physical Review 
E 
2007 
Effective permeability of 
fractured porous media with 
power-law distribution of 
fracture sizes 
 
Bogdanov, I.I., 
Mourzenko, V., 
Thovert, J-F and 
Adler, P.M. 
Give ideas of the effective 
permeability of fractured 
porous media with power-law 
distribution of fracture sizes. 
 
Internal Journal 
of Solids and 
Structures 
2009 
Numerical modelling of 
discrete multi-crack growth 
applied to pattern formation in 
geological brittle media 
 
Paluszny, A.  and 
Matthai, S. K. 
Presented a simulator that can 
be used to generate geo-
mechanic 2D fracture patterns. 
Discrete fracture and matrix 
model. Adaptive refined mesh 
is introduced. 
Journal of 
geophysical 
research 
2010 
Impact of fracture 
development on the effective 
permeability of porous rocks 
as determined by 2D discrete 
fracture growth modelling 
Paluszny, A.  and 
Matthai, S. K. 
Measured effective 
permeability of fracture 
networks with mechanical 
apertures. Results show that 
percolation is highly 
dependent on fracture aperture 
size distribution. 
Transport in 
Porous Media 
2012 
Estimating the Hydraulic 
Conductivity of 2D Fracture 
Networks Using Network 
Geometric Properties 
Leung, C.T.O. 
and Zimmerman, 
R.W. 
Presented semi-analytical 
methods models have the 
uniform and various apertures 
in 2D. 
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Appendix F Critical Literature Review 
INTERNATIONAL JOURNAL OF SOLIDS AND STRUCTURES 46 (2009) 3383-3397 
Paper: Numerical modelling of discrete multi-crack growth applied to pattern formation in geological 
brittle media  
 
Authors:  A. Paluszny, S.K. Matthai 
 
Contribution: 
It presents a discrete crack model which can be used to generate 2D fracture patterns geo-mechanically. 
 
Objective of the paper: 
To measure the flow properties of two observation areas in iterative growth to analyse the impact of 
different properties, such as density, connectivity on permeability and matrix-fracture flux ratio. 
 
Methodology used: 
 Modelling and simulation of fracture propagation on a progressively refined ‘‘adaptive’’ mesh. 
 Validation and verification the fracture propagation algorithm according to literature, field 
observations and comparison between results and available experimental data. 
 
Conclusion reached:  
 The presented discrete crack model can be used to geo-mechanically generate 2D fracture 
patterns.  
 Generated fracture patterns from physical experiment. 
 The realistic heterogeneous medium analogous to a fractured rock mass can be created using the 
presented methodology.  
Comments: 
 Aperture size distributions are computed geo-mechanically using a FEM deformation model.  
 Applying displacement tensile boundary conditions.  
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JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 115, B02203, 18 PP., (2010) 
 
Paper: Impact of fracture development on the effective permeability of porous rocks as determined by 
2D discrete growth modelling 
 
 
Authors:  A. Paluszny, S.K. Matthai 
 
Contribution: 
Presented results show that the effective permeability is controlled by fracture percolation and geo-
mechanical aperture distribution.   
 
Objective of the paper: 
The aim is to present a 2-D linear elastic finite element model that generates fracture patterns in 
incremental iterative steps and to stimulate quasi-static multiple crack propagation, and study the 
influences as a function of density 
 
Methodology used: 
 Modelling of growth of multiple cracks simultaneously based on locally determined subcritical 
failure, propagation and angle criteria.   
 Simulation of fracture propagation on a progressively refined ‘‘adaptive’’ mesh. 
 Numerical solution  of the single-phase steady state flow by means of the finite element method 
(FEM) 
 Computation of the pressure field and effective permeability.  
 Computation the fracture-matrix flux ratio 
 Characterization of the generated patterns by measuring density, connectivity, length and aperture 
distributions. 
 
Conclusion reached:  
 Models with fixed apertures disregard variations in the aperture distribution due to fracture 
interaction, thus they overpredict the Keff the system by up to six orders of magnitude. 
 The preferred flow path for geo-mechanic aperture with variant fracture permeability is not 
determined by topology only anymore.  
 Keff increases by an order of magnitude before percolation. A significant jump in the Keff by 
several orders of magnitude at percolation. There is a steady linear increase in Keff after 
percolation.  
Comments: 
 Assumes that fractures extend uniformly in the z direction, and the strain in z direction is zero. 
Therefore, the presented mechanical and flow simulations are restricted to layered media.   
 Assumes there is no pore pressure during the fracture process and model pure linear elastic 
matrix behavior.   
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J. Phys. A: Math. Gen. 30 (1997) 1415-1444 
 
Paper: Geometry and topology of fractured systems 
 
Authors:  O Huseby, J-F Thovert and P. M. Adler 
 
Contribution: 
Presents the geometrical and topological features of Adler’s 3D model.  
 
Objective of the paper: 
To build general tools able to analyse the geometrical and topological properties of random 3D 
fracture networks.  
 
Methodology used: 
Fracture networks are identified and characterized according to pseudo-diffusion algorithm.  
 
Conclusion reached:  
Implementation of excluded volume, Vex to account for most of the influence of the fracture geometry 
is successful.   
 
Comments: 
Assuming the medium is spatially periodic and fractures are modelled as convex polygons; all 
polygons have the same size and shape, number of vertices varies from 3 to 20. 
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Physical review E. Volume 57, Number 4 
 
Paper: Permeability of three-dimensional fracture networks 
 
Authors:  N. Koudian, R. Gonzalez Garcia, J.-F. Thovert and P.M. Adler 
 
Contribution: 
First developed an analytical method to determine the permeability of a 3D fractured network, it is the 
model we aim to check the accuracy and make the comparison with our model.   
 
Objective of the paper: 
To develop a full solution of the steady state flow problem in a general 3D network made of 2D 
polygonal fractures.   
 
Methodology used: 
Determination of the permeability of 3D fracture networks is by means of triangulating the network 
and solving the 2D Darcy equation in each fracture. 
 
Conclusion reached:  
A systematic study of the permeability of fracture networks has been initiated. 
 
Comments: 
 The generation procedure and some geometric characterization tools derive from the 
numerical code of Huseby, Thovert, and Adler from previous literature.  
 Presented numerical application can only be applied to statically homogeneous networks at a 
scale much larger than the typical fracture dimension. It is modelled as spatially periodic and 
the locations of fracture distribution based on a Poisson law.  
 Fracture permeability is taken as a constant value over each fracture and identical for all 
fracture.  
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Water resource research, Vol. 39, No.1, 1023, doi:10.1029/2001WR000756, 2003 
 
Paper: Effective permeability of fractured porous media in steady state flow 
 
Authors:  I.I. Bogdanov, V.V. Mourzenko, J.-F. Thovert and P.M. Adler 
 
Contribution: 
To provide the first systematic parametric study of the influence of fracture density and conductivity 
on the effective macroscopic permeability of fractured media based on a 3D discrete fracture model. 
 
Objective of the paper: 
To present the methodology and the first results obtained in the determination of the permeability of 
fractured porous media.  
 
Methodology used: 
 Three dimensional meshing of fractured porous media. 
 Discretization of the flow equations by integrating the equation over elementary volumes 
(finite volume method). 
 Generate fracture stochastically.  
 
Conclusion reached:  
 The importance of the percolation threshold of the fracture network has been shown. 
 The influence of the fracture shape on the effective permeability can be taken into account 
using the concept of excluded volume. 
Comments: 
The presented application is limited to spatially periodic medium. The definition of dimensionless 
fracture density, ρ’, is the fracture density per excluded volume is proved successful in unifying the 
critical densities of fracture networks.  
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Physical Review E 76. 036309 (2007) 
 
Paper: Effective permeability of fractured porous media with power-law distribution of fracture sizes 
 
Authors:  I.I. Bogdanov, V.V. Mourzenko, J.-F. Thovert and P.M. Adler 
 
Contribution: 
Provides the measurement of effective permeability of the fractured porous media, which fracture size 
distributions obey the power-law. 
 
Objective of the paper: 
Numerical investigation of the effective permeability for a wide range of parameters including the 
fracture density, shape and size distribution, and the permeability, possible size dependent, of the 
fractures.  
 
Methodology used: 
Apart from that the fracture networks is poly-dispersed, the numerical implementation of the 
geometrical and physical models is identical to that of Bogdanov et al. (literature review No.5). 
 
Conclusion reached:  
 The effective permeability can be estimated by the quadratic expansion for loose networks 
which do not percolate.  
 The width of intermediate transition range decreases as the domain size increases.  
 The percolation status has no influence on the average effective permeability, except for 
extremely permeable fractures. 
Comments: 
Assuming matrix permeability is uniform throughout the matrix and fracture permeability is uniform 
over each fracture. However, the fracture permeability in fact might be size depended.  
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Physics A 389 (2010) 921-935 
Paper: Macroscopic properties of fractured porous media 
 
Authors:  D. Sangare, J.-F. Thovert and P.M. Adler 
 
Contribution: 
Presented a simple approximation of dimensionless macroscopic permeability.  
 
Objective of the paper: 
 To examine the various changes in scales which are implicitly made and to examine their 
validity. 
 The primary objective is to prove the changes in scale which are performed on a routine basis. 
The second objective is to provide new results of the determination of the effective 
permeability of porous media composed of two phases with different permeability. 
 
Methodology used: 
 Generate fractures and porous media independently based on Adler etc (1999). 
 Change of scale based on geometry. 
 
Conclusion reached:  
The presented various methods give very similar results. If the difference between the fracture 
permeability and porous medium permeability is small, a simple approximation is valid.  
 
Comments: 
Consider two extreme cases, namely homogeneous porous media and fractured networks, and superpose 
these two cases.  
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SPE 64286 
 
Paper: Effective Permeability Estimation for Simulation of Naturally Fractured Reservoirs 
Authors:  T. Nakashim, K. Sato, N. Arihara and N. Yazawa 
 
Contribution: 
The boundary element method is used to compute potential and stream functions in the two dimensional 
space for discretely distributed fracture system under the periodic boundary conditions 
 
Objective of the paper: 
To proposes a semi-analytical technique to determine effective permeability for periodically or randomly 
fractured media including infinitely thin, infinite-conductivity fractures. 
 
Methodology used: 
Flow equation for fracture distributions is solved numerically by boundary element method.  
 
Conclusion reached:  
 A CVBEM code for two-dimensional flow calculations under the periodic boundary 
conditions was developed and verified. 
 The larger the each of three parameters (total length, mean length and standard deviation of 
fracture length) is, the larger the effective permeability will be.   
 If fractures are parallel to the pressure gradient, the effective permeability has a linear 
dependence on those three parameters, except the fracture intensity is low.  
 If fractures are non-parallel to the pressure gradient, the inclination angle influences the 
effective permeability tensor mostly.   
 Estimated effective permeability for a stochastic fracture length distribution has slightly 
higher values than a constant fracture length. 
Comments: 
Assuming periodic boundary conditions.   
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Transactions of the Institute of Naval Architecture, 55, 1913 
 
Paper: Stress in a plate due to the presence of cracks and sharp corners 
 
Authors:  C.E. Inglis 
 
Contribution: 
Described the fundamental behaviour of crack propagation.   
 
Objective of the paper: 
To investigate the stress in a plate due to the existence of cracks and sharp corners and to calculate the 
stress intensity around a crack. 
 
Methodology used: 
The method used here is mostly analytical by employing mathematical equations.  
 
Conclusion reached:  
Fracture tips act as stress concentrators, leading fractures to grow as a response to external load.  
 
Comments: 
Based on this investigation, the geo-mechanic aperture should be introduced in our model.  
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Water resources research, Vol 5, No.6 
Paper: Anisotropic permeability of fractured media 
 
Authors:  D.T. Snow 
 
Contribution: 
Presented another analytical computation of effective permeability. 
 
Objective of the paper: 
 To establish the relationship between force and flow in idealized fractured media, describing it by 
the three dimensional anisotropic Darcy's law. 
 To predict principal axes from field observations of joint systems. 
Methodology used: 
Simulation of real fracture orientation, aperture distribution and spacing is by means of the mathematical 
equivalents of parallel plate openings.   
 
Conclusion reached:  
 If there is flow on each of intersecting parallel plate openings, there is a unique hydraulic gradient 
generally not lying in either plane, whose projections onto the planes cause the flows. The flow 
through an intergranular porous medium lying between the fractures is proportional to such a field 
gradient. 
 The tensor permeability of jointed granular porous media may be obtained by superposition of 
contributions due to the fractures and due to the permeable solids. 
Comments: 
Parallel plate openings 
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Journal of Geophysical Research, Vol. 99, NO. B5, Pages 9359-9372, May 10, 1994 
 
Paper: Numerical simulation of fracture set formation: A fracture mechanics model consistent with 
experimental observations 
 
Authors:  Carl E. Renshaw and David D. Pollard 
 
Contribution: 
Developed a physically based model to generate fractures subject to a constant remote stress, which is in 
agreement with experimental observations. 
 
Objective of the paper: 
To prove that the numerical model produces fracture sets close to experimental observations, and to 
investigate the influences of density, fracturing duration and relative propagation velocity on fracture sets 
geometry. 
 
Methodology used: 
The growth of fractures is by means of a failure criterion and a propagation velocity exponent.  
 
Conclusion reached:  
 The presented physically based model generates fracture sets similar to experimental 
observations. 
 The velocity exponents dominate the clustering of fracture mostly, while flaw density has little 
influence on the clustering of fracture.  
 Fracture growth rate increases depend on the stress concentration on the fracture tips with 
increasing velocity exponents.  
Comments: 
The presented method is restricted to straight paths.  
 
 
 
 
 
 
